THE DYNKIN DIAGRAMS PACKAGE
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1. QUICK INTRODUCTION

This is a test of the Dynkin diagram package. Load the package via
\usepackage{dynkin-diagrams}
(see below for options) and invoke it directly:

The flag variety of pointed lines in | Tpe flag variety of pointed lines in
projective 3-space is associated to the

2 projective 3—space is associated to

Dynkin diagram x—e—s. 3 the Dynkin diagram \dynkin[parabolic=3]{A}{3}.
or use the long form inside a \tikz statement:

x—e—o 1\tikz \dynkin[parabolic=3]{A}{3};

or a TikZ environment:
1 \begin{tikzpicture}
e 2 \dynkin[parabolic=3,label]{ A} {3}
3 \end{tikzpicture}
With labels for the roots:

s 1 \dynkin[parabolic=3,label]{A}{3}
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Make up your own labels for the roots:
1 \begin{tikzpicture}
2 \dynkin[parabolic=3]{A}{3}
o 3 \rootlabel{2}{\alpha_2}
4 \end{tikzpicture}
Use any text scale you like:
1 \begin{tikzpicture}
..o 2 \dynkin[parabolic=3,textscale=1.2]{A}{3};
o2 3 \rootlabel{2}{\alpha_2}
4 \end{tikzpicture}
and access root labels via TikZ:
1 \begin{tikzpicture}
e 2 \dynkin[parabolic=3]{A}{3};
Ol 3 \node at (root label 2) {\(\alpha_2\)};
4 \end{tikzpicture}
The labels have default locations:
1 \begin{tikzpicture}

2 \dynkin{E}{8};
by 3 \rootlabel{1}{\alpha_1}
;l—(;;I—'—'—H 4 \rootlabel{2}{\alpha 2}
5 \rootlabel{3}{\alpha_3}
6 \end{tikzpicture}

You can use a starred form to flip labels to alternate locations:
1 \begin{tikzpicture}

2 \dynkin{E}{8};
o1 o 3 \rootlabelx{1}{\alpha_1}
'-'ﬁIL'—'—H 4 \rootlabelx{2}{\alpha_ 2}
5 \rootlabel«{3}{\alpha 3}
¢ \end{tikzpicture}

TikZ can access the roots themselves:
1 \begin{tikzpicture}
2 \dynkin{A}{4};
0o 3\ fill [white,draw=Dblack] (root 2) circle (.1cm);
4 \draw[black] (root 2) circle (.05cm);
5 \end{tikzpicture}
Some diagrams will have double edges:

oo o 1 \dynkin{F}{4}
or triple edges:

= 1 \dynkin{G}{2}
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Draw curves between the roots:

R S

N

Draw dots on the roots:

1 23 45 6 738

Colours:

Edge lengths:
e
Sizes of dots and crosses:
X0
Edge styles:
R o

Open circles instead of closed dots:

oo oo

1 \begin{tikzpicture}
2 \dynkin[parabolic=429|{E}{8}
3 \draw[very thick, black!50,—latex]
(root 3.south) to [out=—45, in=—135] (root 6.south);
1 \end{tikzpicture}

1 \begin{tikzpicture}
2 \dynkin[label]{ C}{8}
3 \dynkinopendot{3}

4 \dynkinopendot{7}

5 \end{tikzpicture}

1 \dynkin[color=blue!50,backgroundcolor=red!20]{ G }{2}

1 \dynkin[edgelength=1.2 parabolic=3]{ A} {3}

1 \dynkin[dotradius=.08cm,parabolic=3]{A}{3}

1 \dynkinfedge=very thick,parabolic=3]{A}{3}

1 \dynkin[open]{E}{8}

Add closed dots to the open circles, at roots in the current ordering;:

S| SN

More colouring;:

-

Cross styles:

—d e

1 \begin{tikzpicture}

2 \dynkin[open|{E}{8};
3 \dynkincloseddot{5}
4 \dynkincloseddot{8}
5 \end{tikzpicture}

1 \begin{tikzpicture}[show background rectangle,

2 background rectangle/.style={ fill =red!10}]

3 \dynkin[parabolic=1,backgroundcolor=blue!20]{ G} {2}
4 \end{tikzpicture}

1 \dynkin[parabolic=124,cross=thin]{E}{8}
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Suppress arrows:

D 1 \dynkin[arrows=false] {F} {4}
- 1 \dynkin[arrows=false]{ G} {2}
2. SYNTAX

The syntax is \dynkin[<options>]{<letter>}{<rank>} where <letter> is
A,B,C,D,E,F or G, the family of root system for the Dynkin diagram, and
<rank> is an integer representing the rank, or is the symbol * to represent an
indefinite rank:

— o . 0—o 0. 0— 1 \dynkin[edge=thick,edgelength=.5cm|{ A} {*}
e 1 \dynkin[edge=thick,edgelength=.5cm|{B}{x}
ot 1 \dynkin[edge=thick,edgelength=.5cm]{C}{*}

= >—< 1 \dynkin[edge=thick,edgelength=.5cm|{D}{*}

Outside a TikZ environment, the command builds its own TikZ environment.

3. OPTIONS

All \dynkin options (except affine, folded, label and parabolic ) can also be
passed to the package to force a global default option:

\usepackage [
ordering=Kac,
color=blue,
open,
dotradius=.06cm,
backgroundcolor=red]
{dynkin-diagrams}
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parabolic = (integer),default = 0

A parabolic subgroup with specified integer, where the integer is
computed as n =Y 2'a;, a; = 0 or 1, to say that root ¢ is crossed,
i.e. a noncompact root.

color = (color name),default = black

backgroundcolor = (color name),default = white

This only says what color you have already set for the background
rectangle. It is needed precisely for the G2 root system, to draw
the triple line correctly, and only when your background color is
not white.

dotradius = (number)cm,default = .05cm

size of the dots and of the crosses in the Dynkin diagram
edgelength = (number)cm,default = .35cm

distance between nodes in the Dynkin diagram
edge = (TikZ style data),default = thin

style of edges in the Dynkin diagram
open = (true or false),default = false

use open circles rather than solid dots as default
label = true or false,default = false

whether to label the roots by their root numbers.
arrows = (true or false),default = true

whether to draw the arrows that arise along the edges.
folded = (true or false),default = true

whether, when drawing A, D or Eg diagrams, to draw them folded.
foldarrowstyle = (TikZ style),default = stealth-stealth

when drawing folded diagrams, style for the fold arrows.
foldarrowcolor = (colour),default = black!50

when drawing folded diagrams, colour for the fold arrows.
Coxeter = (true or false),default = false

whether to draw a Coxeter diagram, rather than a Dynkin dia-
gram.

ordering = (Ada.ms, Bourbaki, Carter, Dynkin, Kac),default = Bourbaki

which ordering of the roots to use in exceptional root systems as
follows:



6 BEN MCKAY

Adams Bourbaki Carter Dynkin Kac
5 2 4 6 6
12436 13456 12356 12345 12345
3 2 5 7 7
Er eelo.,
654217 134567 764321 123456 123456
3 6 8 8
Eg A S
1245678 1345678 8754321 1234567 76354321
4 43721 1273 4 1273 4 1273 4 1273 4
G = = = = =
2 1°2 12 21 21 21

All other options are passed to TikZ.

4. FINDING THE ROOTS

The roots are labelled from 1 to r, where 7 is the rank. The command sets up
TikZ nodes (root 1), (root 2), and so on. Affine extended Dynkin diagrams have
affine root are at (root 0). Use these tikz nodes to draw on the Dynkin diagram,
as above. It also sets up TikZ nodes (root label 0), (root label 1), and so on
for the labels, and TikZ nodes (root label swap 0), (root label swap 1), and
so on as alternative label locations, in case you want two labels on the same root,
or the default choice doesn’t look the way you like.

1 \begin{tikzpicture}

s 2 \dynkin{E}{6};
3 \rootlabel{2}{\alpha 2}
s a\rootlabel{5}{\alpha 5}

5 \end{tikzpicture}

5. EXAMPLE: SOME PARABOLIC SUBGROUPS

Ao °
Arg ¥
Ay *°
Agg *°
Agg ¥

Az



THE DYNKIN DIAGRAMS PACKAGE

6. EXAMPLE: THE HERMITIAN SYMMETRIC SPACES

Grassmannian of k-planes in
(Cn—i-l

Ap oo e xe o

(2n — 1)-dimensional hyper-
B, x—e-e—eie quadric, i.e. the variety of null
lines in C?n+1

space of Lagrangian mn-planes in
(2n — 2)-dimensional hyper-
D, x—e '—< quadric, i.e. the variety of null

lines in C2»

of maximal dimension null sub-

i one component of the variety
spaces of C?"

D, oo '—< the other component
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complexified octave projective
plane

its dual plane

the space of null octave 3-planes
in octave 6G-space

7. AFFINE EXTENDED DYNKIN DIAGRAMS

12345678
Qg

Qo

./\

You can use TikZ to put in labels:

1 \dynkin[affine ,edge=thick]{ A }{*}

1 \dynkin[edgelength=1cm,edge=thick,affine]{ A} {x}

1 \dynkin[scale=1.5,edge=thick,affine]{ A}{*}

1 \begin{tikzpicture}

2 \dynkin[affine , label |{ A}{8};

3 \end{tikzpicture}

1 \begin{tikzpicture}

2 \dynkin[affine [{ A}{x};

3 \node at (root label 0) {\(\alpha_ 0\)};
4 \end{tikzpicture}

1 \begin{tikzpicture}

2 \dynkin[affine [{ A}{9}

3 \node at (root label 0) {\(\alpha 0\)};
4 \end{tikzpicture}

1 \begin{tikzpicture}

2 \dynkin[affine [{ A}{9};

3 \node at (root label 0) {\(\alpha_ 0\)};
4\node at (root label 1) {\(\alpha_ 1\)};
5 \node at (root label 2) {\(\alpha 2\)};
6 \node at (root label 3) {\(\alpha_3\)};
7 \end{tikzpicture}

1 \dynkin|[affine , label [{A}{1}
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0
1 \dynkin[affine , label [{B}{8}

0
o—ebe 1 \dynkin|affine , label [{ B}{x}
I_Z 3 475
Oje—e—e—o—e e oo 1 \dynkin|[affine , label [{ C}{8}

oo o 0—ele 1 \dynkin[affine , label |{ C}{x}

< s 1 \dynkin[affine , label [{D}{8}
12345 6yr

._T,,‘§_£6 1 \dynkin|affine , label [{D}{*}
0

E2 1 \dynkin[affine , label [{E}{6}
13456
2

1 \dynkin[affine , label [{E}{7}

1 \dynkin[affine , label [{E}{8}
01345678

Open circles instead of closed dots:

2
1 \dynkin[affine ,open,label |[{E} {8}
01345678

01 2% 3 4 1 \dynkin|affine , label [{F }{4}
1 éQ 0 1 \dynkin|affine , label [{ G}{2}

8. COXETER DIAGRAMS

TN 1 \dynkin[Coxeter]{B}{7}

e 1 \dynkin[Coxeter]{F}{4}
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1 \dynkin[Coxeter] { G}{2}

1 \dynkin[Coxeter]{H}{7}

1 \dynkin[Coxeter|{I}{7}

9. FOLDED DYNKIN DIAGRAMS

1 \dynkin[folded]{E}{6}

1 \dynkin[folded,label |{E}{6}

1 \dynkin[folded]{A}{x}

1 \dynkin[folded,label |{ A}{1}

1 \dynkin[folded,label |{ A} {2}

1 \dynkin[folded,label |{ A}{3}

1 \dynkin[folded,label [{ A}{4}

1 \dynkin[folded, label |{ A} {10}

1 \dynkin[folded,label |[{ A}{11}
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1 2 3 4 5
6 1 \dynkin[folded,label ,arrows=false]{A} {11}
1110 9 8 7
—e ._< ) 1 \dynkin[folded] {D} {}
. 1 \dynkin[folded,label [{D}{1}
2
< > 1 \dynkin[folded, label ] { D} {2}
1
3
£ ) 1 \dynkin[folded, label |{ D} {3}
2
4
I_£> 1 \dynkin[folded,label [{D}{4}
3
10
s .
R g\) 1 \dynkin[folded, label [{D}{10}

9

11

v .
o I e 5\> 1 \dynkin[folded, label | {D}{11}
10

10. SATAKE DIAGRAMS

We have incomplete support for Satake diagrams as yet, following the conven-
tions of [6].

00— 1 \dynkin{ A }{I}
i 1 \dynkin{E}{T}
@—Q 1 \dynkin{E}{IT}
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1 \dynkin{E}{IIT}

1 \dynkin{E}{IV}

1 \dynkin{E}{V}

1 \dynkin{E}{VI}

1 \dynkin{E}{VII}

1 \dynkin{E}{ VIIT}

1 \dynkin{E}{XTI}

1 \dynkin{F }{I}

1 \dynkin{F }{II}

1 \dynkin{G }{I}

1 \begin{tikzpicture}
2 \dynkin[open]{E}{6}
3 \draw[\dynkinfoldarrowstyle,\dynkinfoldarrowcolor]

4 (root 1.south) to [out=—45, in=—135] (root 6.south);
5 \draw[\dynkinfoldarrowstyle,\dynkinfoldarrowcolor]

6 (root 3.south) to [out=—45, in=—135] (root 5.south);
7 \end{tikzpicture}

1 \begin{tikzpicture}
2 \dynkin[open]{E}{6}

3 \dynkincloseddot{3}

4 \dynkincloseddot{4}

5 \dynkincloseddot{5}

6 \draw[\dynkinfoldarrowstyle,\dynkinfoldarrowcolor]

7 (root 1.south) to [out=—45, in=—135] (root 6.south);

s \end{tikzpicture}
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11. OTHER STUFF

Some sophisticated diagrams:

el

can be drawn using sending TikZ options to \dynkinline to erase the old edge,
\dynkindots to make indefinite edges, and then redrawing the roots next to any
edge we draw:
1 \begin{tikzpicture}[show background rectangle,
2 background rectangle/.style={ fill =red!10}]
3 \dynkin[folded]{D}{9};
a\foreach \i in {2,6,8,9} {
5 \dynkinopendot{\i}

WH{D o}

7 \dynkinline[red!10]{4}{5}
s \dynkindots{4}{5}
9 \dynkinopendot{4}
10 \dynkincloseddot{5}
11 \end{tikzpicture}
Always draw roots after edges.
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